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Abstract. In this paper, we shall show that a class of solutions to the discrete coupled matrix
nonlinear Schrodinger equation (DCMNLSE) is gauge equivalent to the discrete equation of the
Schrodinger flow of maps into the Grassmannian and the realizing gauge transformation is only
the discretization of a classical gauge transformation between the matrix nonlinear Schrodinger
equation (MNLSE) and the Schrodinger flow of maps into the Grassmannian. In other words, from
the viewpoint of gauge equivalence, a class of solutions of the DCMNLSE is a correct discretization
of the MNLSE.

1. Introduction

The nonlinear Schrodinger equation (NLSE), iy, + 1/, + 2« |1/|?¢ = 0, where the subscripts
denote partial derivatives and k is a real constant, arises in physics from a variety of
backgrounds, such as in plasma physics and nonlinear optics, and provides a fairly universal
model of a nonlinear equation. The following interesting generalization of the NLSE:

ig, + g +2q9"q =0 (1)

was first studied by Fordy and Kulish in [1], where g is a map from R? to the space M (n—iyxk
of (m — k) x k complex matrices, 1 < k < m — 1 and ¢* denotes the complex transposed
conjugate matrix of g. We will follow [2] by calling this equation, in this paper, the matrix
nonlinear Schrédinger equation (MNLSE) whenk > 2orm —k > 2. Note thatifgisal x 1
complex matrix, (1) is just the NLSE equation with x = 1 (NLSE*). The MNLSE is also
applied in many fields. For example, when ¢ is a 1 x 2 complex matrix, the corresponding
equation (1) is called the 2-vector or 2-component NLSE, which is very useful in nonlinear fibre
communications (see [3]). A systematic study of the 2-vector NLSE can be found in [4-6].

On the other hand, the study of nonlinear integrable differential-difference equations
has received considerable attention in recent years (see, e.g., [7,8]). The integrable discrete
nonlinear Schrédinger equation (DNLSE) i(dg,, /df)+(qn+1+Gn—1—2q,)+K |gn 12 (gps14+Gn_1) =
0 was introduced by Ablowitz and Ladik [9] who constructed the discrete version of the AKNS
system. The DNLSE also has a rather wide area of application; see, e.g., [10] for a listing of
its physical applications. The parallel generalization of the DNLSE* to that of the NLSE™ is
naturally introduced as follows:

1(dg, /A1) + (gne1 + Gn-1 = 2Gn) + (@419, Gn + 4ndyqn-1) =0 2
which is called the discrete-matrix nonlinear Schrodinger equation (DMNLSE).

1 Present address: Departamendo de Matematica, Universidade de Brasilia, 70910-900, Brasilia DF, Brasil.
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The concept of gauge equivalence between completely integrable equations was
introduced in [11, 12] and then became an important tool in the study of solitons [13]. From
a recent work due to the author [14], we know that the NLSE for k = 1,0 and —1 is exactly
gauge equivalent to the Schrodinger flow of maps into the Euclidean 2-space S? <> R3 (with
Gauss curvature 1) (i.e. the HF model) [12], the complex plane C (with Gauss curvature 0)
and the hyperbolic 2-space H?> <> R?*! (with Gauss curvature —1) (the M-HF model) [14],
respectively. This gives a beautiful unified geometric explanation for the NLSE. Analogous
results for the (2+ 1)-dimensional case can be found in [15,16]. The MNLSE (1) is now shown
to be gauge equivalent to the Schrodinger flow of maps into the Grassmannian Gy, from the
recent results due to Langer and Perline [17] and Terng and Uhlenbeck [2]. The corresponding
results for G, = C Pl = §%is exactly the case described in [12] or [14]. However, generally
speaking, in classical integrable theory we have a number of remarkable properties which may
not exist in their discrete counterparts. But, in 1982, Ishimori showed in [18] that the DNLSE*
is gauge equivalent to the discrete HF model (DHF), which reads

25’1+1 X Sn + 25}1 X S”,]
I+ Sn+1 ° Sn I+ Sn * Sn—l

where S, = (s}, s2,57) € R with|S,|> = (s))?+(s2)*+(s)? = 1, with - and x denoting the
inner and the cross product in R?. Furthermore, by finding the new Lax pairs, the author proved
in [19] that the DNLSE™, i.e. the DNLSE with k = —1, (resp. DNLSEY) is gauge equivalent
to the DM-HF (resp. DHF) and, meanwhile, the continuous limit of the realizing gauge
transformations is just a classical limit between the NLSE™ (resp. NLSE*) and the M-HF model
(resp. HF model). This reveals that there is a reconciliation of the gauge equivalent structures of
the DNLSE and the NLSE for « = 1 and —1. It should be pointed out that the Ishimori’s gauge
transformation in [18] is not the discretization of a classical gauge transformation between the
NLSE* and the HF model (see [19]). After a thorough understanding of the gauge equivalent
structures of the NLSE, the DNLSE (which is the discrete gauge equivalent corresponding to the
NLSE) and the MNLSE, one would like naturally to see the discrete counterpart of the gauge
equivalent structure of the MNLSE according to the correspondence principle in quantum
dynamics. Originally formulated by Bohr, the correspondence principle, which states that
a new (physical) theory must explain all phenomena that the older, superseded theory could
explain, was initially used to describe the relationship between quantum theory and classical
physics. During the early days of quantum theory, physicists used the correspondence principle
to formulate their theories so that in situations where classical physics is valid, their theories
describing quantum phenomena reduced to the same equations obtained from classical physics.
The correspondence principle is valid for many areas of quantum theory, and also applies to
other theories.

In this paper, we shall show that a class of solutions to the following (integrable) discrete
coupled matrix nonlinear Schrédinger equation (DCMNLSE):

s, /dt = 3)

{ l(dQn/dt) + (Qn+1 tqn-1 — 26111) + (Qt1+1r11Qn + annanl) =0 (4)

_1(drn/dt) + (rn+l +rp—1 — 2",,) + (rn+ICInrn +rn‘]nrn—1) =0

which is the discretization of the (integrable) coupled matrix nonlinear Schrédinger equation
(CMNLSE)

&)

ig; +qux +2qrq =0
—ir; +ryy +2rgr =0

is gauge equivalent to the discrete equation of the Schrodinger flow of maps into the
Grassmannian Gy, (see equation (11) in the next section), and the continuous limit of
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the realizing gauge transformation is exactly a classical gauge transformation between the
MNLSE (1) and the Schrodinger flow of maps into the Grassmannian Gy ,,, where g, is a
map from R? to the space M,—i)xk of (m — k) x k complex matrices and r, is a map to the
space My m—k) of k x (m — k) complex matrices. When r, = ¢, equation (4) reduces to
equation (2). This reflects that, from the viewpoint of gauge equivalence, a class of solutions
to the DCMNLSE (4) is a discretization of the MNLSE (1) such that it corresponds to the
discrete gauge equivalent counterpart of the MNLSE.

This paper is organized as follows. In section 2 we present the desired Lax pairs for the
DCMNLSE and the discrete equation of the Schrodinger flow of maps into the Grassmannian.
In section 3 we show the main result of this paper and in section 4 we give an example to
illustrate the result.

2. Lax pairs and their continuous limits

Similar to the Lax pairs for the DNLSE* and DHF in [19], in this section we shall present Lax
pairs for the DCMNLSE and the discrete equation of the Schrodinger flow of maps into the
Grassmannian such that they are exactly the discretizations of their corresponding classical
Lax pairs.

In order to solve the DCMNLSE (4), we usually need to add the zero-boundary conditions
gn — Oand r, — 0 asn — oo. Following the conventional terminology (see [13]), we also
set the zero-boundary condition to be a rapidly decreasing boundary condition. Equation (4)
allows a Lax pair as follows:

¢n+1 = Ln¢n d¢n/dt = Mn¢n (6)
with
zly Fpz !
L, =
" <_an Z_llm—k>
M =i (I =22 +z2—2 Dk — ragun —rp 1272
" _qn+Qn—122 (_1+Z_2+Z_Z_l)]m—k+Qnrn—l

where z is a spectral parameter. In fact, one may verify that the compatibility condition
dLn/dt + LM, — My L, = 0 (7)

of (6) yields only (4).
As usual (see, e.g., [9, 19]), the continuous limit (Ax — 0; Ax being the discretization
parameter) of the Lax pair (6) is

¢r = Lo b =Mo (®)
with

L=xo3+U M = —i2)%05 — 2iAU +i(U? + U)o 9)
and U = ( _Oq (r)>’ after the substitution

z—> 1+ AAx qn —> qAx rp —> rAx nAx = x(fixed) tAx® =t (10)

(X is a parameter) and setting ¢, ~ ¢, expanding g,+; ~ Ax(q £ Axg, + AT)‘qux +...), etc.
It can be directly verified that the integrability condition of (8) yields simply the CMNLSE (5)
and if r = g%, then (5) reduces to the MNLSE (1). One may refer to [20] for a study of
equation (5) in the case of k = 1, m = 2 and its physical applications.
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The following differential-difference equation:
dsS,/dr = 4i(I + S, Su—1) "' — 4 + Sp18,) 7" (11)

is the discrete equation of the Schrodinger flow of maps into the Grassmannian G, (15) (see
below), where I = I,, denotes the m x m unit matrix and S, is of the form

U 03U, (12)

Ik 0 ) When £ = 1 and
0 —Im—k
m = 2,ie. G, = CP' = §?, equation (11) reduces to the DHF (3). We usually add
the boundary condition S,, — o3 as n — 00 in solving this equation. Now we shall put aside
the cumbersome but straightforward calculations and present the final results. Equation (11)
permits the following Lax pair:

Ynr1 = L, d%/dl = M,V (13)

with L, = #227 + 2228, and M, = i2(1 — Z22) (1 + 8, 8,-1) 'S, +i(z — 271 —i(2> -
77U + S,S,_1)"". After the substitution z — 1+ AAx, Ax — 0, tAx? — t, nAx = x

(fixed), S, — S and ¥, — ¥, the continuous limit of (13) is
Y, = Ly v = My (14)

with L = AS, M = —i2)2S + i1 S, S and § satisfying S = I. The integrability condition
of (14) reads

with U, being an m X m unitary matrix and o3 = (

1
St = =[S, Sl (15)
2i

which is equivalent to the Schrodinger flow of maps into the Grassmannian Gy, displayed
in [2]

Ve = [Vv Vxx] VS Gk,m (16)

i]k

where Gy, is regarded as the adjoint U (m)-orbit ata = ( 2 ) in the Lie algebra

0 i m—k
u(m) of U(m), i.e. G = Ad(U(m))a = (U 'aU|U € U(m)). ’

3. Gauge equivalence

In this section, by using the Lax pairs displayed in the preceding section, we shall show that
there is a gauge transformation between (a class of solutions to) the DCMNLSE (4) and the
discrete equation (11) of the Schrodinger flow of maps into Gy ,,, and the continuous limit
of the realizing gauge transformation is just a classical limit between the MNLSE (1) and the
Schrodinger flow of maps into the Grassmannian Gy ,, (15).

First we suppose {S,} is of the form (12) and fulfils the discrete equation (11) of the
Schrodinger flow of maps into Gy ,,,. We then choose a sequence of m x m-matrices {G, ()}
such that o3 = G, S,G, ! and Vn

-1 _ I ()
Gn+IGn B <_Qn(t) Im—k) (17)

for some (m — k) x k complex matrix g, (t) and k x (m — k) complex matrix r, (). In fact,
because of (12), there exists a sequence of unitary matrices {U,} such that S, = U, o3U,. Itis
obvious that the general solutions to 03 = G, S,G, I"are of the form

Gn = diag(Ana Bn)Un (18)
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where A, is a non-singular k x k matrix and {B,} is a non-singular (m — k) x (m — k) matrix.
Now we first fix Ay and By, which will be restricted in remark 2 below, and then come to prove
that, Vn # 0, A,, and B, can be chosen progressively such that (17) holds for some g, and r,,.
Substituting (18) into (17), we obtain

Al 0)<1k rn>(An 0)
" _ =UmnU,. 19)
( 0 Bn+11 —d4n Im*k 0 B” H (
Ul 2
If we denote U, by ( U”3 Ur‘l‘ ), then we see that (19) can be rewritten as
A;—:l A" = U111+1 Unl* + U112+1 Ug* (20)
B.\B, = U, U + UL, U @1
rw = Aup, B, (22)
Gn = B.paA,! (23)
Pn = (Ur?+] Un3* + U::_'_] sz*)il(USH Ur}* + U:+l Ur%*) (24)
where the inversibility of U,?H Uj* + U:H U,f* is due to the fact that 1 + S,,,1 S, (= U\, (U1 Uy

+03U,+1U;f03)U,) is inversible in equation (11). Hence, we may choose A, and B, forn # 0
progessively by relations (20) and (21) and choose r,, and g, by (22) and (23). This proves the
existence of G,. Now, we put

~ _ 1 7z}
LS(2) =Gunla2)G,' = % ™
" (Z) ! (Z) " <_an Zillm—k
MC(z) =dG,/dt G;' + G, M, (2)G;"

A-z22+z-2727HI, Fao1(z72=1) )

=dG,/dt G +i
Gu/d1 G, “( Gt (P —1) (142242 — 2Dy

where in(z) and M,, (z) are the coefficients in the Lax pair (13). Since Zn and Mn satisfy the
integrability condition of (13), we have

dLy G2 sG G G
? + Ln Mn — Mn+1Ln =0. (25)
If we let %G; L= ‘;" 5 " ), where «,, B, ¥, and 7, are temporally arbitrary, then the
n n

vanishing of the diagonal part in (25) leads to
Bn = —Fp + 14y Yn = —qn t qn-1
Oy +Tpqn—1 = Opt1 +Tpi1qn Tty — 4nltn—1 = TTnel — Gn+1tn Vn.

In other words, from the above relations we have

dGn . — — — — .
G;l —i 'ndn—1 rp+rp—1 +i T(t) 0 (26)
dr —qn + qn—1 qnln—1 0 G(t)
for some k x k matrix t(¢) and (m — k) x (m — k) matrix o (¢) which do not depend on n, but
may depend on A( and By. Note that the above restrictions on G,, allow an arbitrariness in G,,

of the form
P(@) 0
G, —~ < 0 Q(t)) Gy 27

for some non-singular matrices P(t) and Q(f) depending only on ¢. In fact, denoting

6= (70 o0 i i R B A
G, = ( 0 0®) G, under this transformation, we then have G,.1G," = a1
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with g, = Q(t)g, P(t)~" and 7, = P(t)r,Q(t)~'. Meanwhile, a straightforward calculation
shows

9Gn ey _ o —Falat  —FutFusr), (PP 4 PiTP! 0
dt " "\ =Gn+ G-t GuFna 0 0,07+ Qic Q! )
If we require P (¢) and Q(¢) to satisfy
dpP ) do .
= (#) = —iP “E) = —
I (1) 1P ()T (1) P (1) 10(1)o (1)

then G, can be modified so that for the new G, the second term on the right of (26) vanishes.
This implies that MnG (z) is exactly the second coefficient in (6) and {(g,, r,,)} satisfies the
DCMNLSE (4).

Remark 1. All the couples of sequences {(g,, r,)}, being given by (22) and (23) for some
sequences of (m — k) x k-matrices {p,}, unitary m x m-matrices {U,}, non-singular k x k-
matrices {A,} and non-singular (m — k) x (m — k)-matrices { B, } with relations (20), (21) and
(24), such that

A, O
Gy = ( . Bn) U, (28)
solves
Gn+1 = < If] Irn )Gn
—Yn m—k
dG, . < —Tndn-1 —Ip + 71— > 29)
=i G,
dr —qn t+qn-1 qn’n—1

consist of a class of solutions to the DCMNLSE (4). When k = 1 and m = 2 (i.e. in the case
of Gip, = 52), as displayed in [19], we get A, = B, and therefore r, = q,; from (22) and
(23). But when k > 2 orm — k > 2, as will be illustrated by an example in the next section,
it is impossible to get r, = ¢, in general. So the DCMNLSE appears very naturally when
exploring the gauge equivalent structure of the discrete equation of the Schrodinger flow of
maps into the Grassmannian in this case.

Remark 2. At the end of this section, we shall show that the continuous limits of A,, and B,
are unitary matrices, which is equivalent to saying that the continuous limits of Ay and By (i.e.
limay—0 Ao and lima,_.¢ Bp) are unitary matrices. Therefore we will require the sequences
{A,} and {B,} with the restriction that the continuous limits of Ay and By are unitary matrices
and hence r = ¢* after taking the continuous limit from (22) and (23). If {(g,,7,)} is a
couple of the sequences given in remark 1 with the above restriction, then, after taking the
continuous limit in both sides of (26), we see that the two ¢-depending functions it and io have
their continuous limits 7y and o (i.e. it — Ax2ty and ic — Ax20p) in u(k) and u(m — k),
respectively, where u(k) is the Lie algebra of the unitary group of degree k, etc. Thus the
continuous limits of the corresponding P and Q which appeared in (27) are automatically
unitary matrices by the equations they satisfy. This indicates that, under these circumstances,
the relation r = g* is still preserved by transformation (27) for {(g,, r,)}. Hence the above
restriction on Ay and By is very natural.

Next, we prove that the above process from the discrete equation (11) of the Schrédinger
flow of maps into G, to the class of solutions (see remark 1) of the DCMNLSE (4) is
reversible. Suppose {(g,(?), ,(t))}, being given in remark 1, is a solution to the DCMNLSE
equation (4). The corresponding solution to Lax pair (6) is denoted by {¢, (¢, z)}. It is easy to
see from (29) that {G,} is in fact a fundamental solution to (6) at z = 1.
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Now, we consider the following gauge transformation:

Gu(t,2) = G ()Y (t, 2) (30)

and come to prove that tl}f: above {y, (¢, 2)} is a solution to La)~( pair (lg») of (11). In order to
do this, we put ¥,,.; = L, v, and dy,,/dt = M, ,, for some L, and M,. Applying the first
equation of Lax pair (6), from (30) we have

L,=G,\L,G,. (31)
Then substituting G, = ( Ifl Ir” ) G, into (31), we obtain
—Yn m—k
. g | 41 -1
L= 1+ GGy = T 4it 5,
2 2 2 2

where S, = G;lag G, with S,f = I. In what follows, we have to show that S, € Gy ,,, or in
other words, Vn, S, = Uo3U, for some unitary matrix U,. In fact, Vn we set

—1
(A, O
we(b 4)'e
which is a unitary matrix from (28) in remark 1, and it is straightforward to obtain the fact that

Sn = G;103Gn = U,TU.“&Un € Gk,m-
Using the second Lax equation for ¢,,, we have

M, = G,'M,G, — G™'dG,/dt = G, (t)(M, (1, 2) — My(1, 1)G, (1)

2, ,-2 2 2
—i (1 . 2Z ) G.103Gy +iz — 2V —i——G.! G,

2
2 _
=i2<1_z +z
2

where we have used the identity G, 1 G = 2 + S.S,—1)~!. From this we see that

2

) L+ S0S0-1) 'Sy +i(z — 2V =i(2 = 22 +SuS0_1)™!

the above L, and M, are exactly the same coefficients as in (13) for S, being given by
S, = G;'03G,, = Uyo3U,. Hence {v,} is a solution to (13). This proves that {5, } constructed
from the solution {(g,, r,)} of the DMNLSE (4) satisfies the discrete equation (11) of the
Schrodinger flow of maps into Gy _,,. The proof of the gauge equivalence between the class
of solutions to the DCMNLSE (4) and the discrete equation (11) of the Schrodinger flow of
maps into Gy, is complete.

Remark 3. It is straightforward to verify that the MNLSE (1) is gauge equivalent to
the Schrodinger flow of maps into the Grassmannian Gy, (15) by the following gauge
transformation:

o(x,t,A) =G(x, ) Y(x,t,A) (32)

where G(x, ) is a fundamental solution to (8) with r = ¢* at A = 0, and ¢(x, t, 1) and
¥ (x,t, A) are solutions to (8) with r = ¢g* and (14) at A, respectively. However, we would
like to point out that this gauge transformation is somewhat different from the one employed
in [2].

Since the continuous limits of Lax pairs (6) and (13) are exactly the classical ones (8)
and (14), respectively, and r = g* from remark 2, it is easy to see that the continuous
limit of the gauge transformation (30) between the class of solutions given in remark 1 to
the DCMNLSE (4) and the discrete equation (11) of the Schrodinger flow of maps into the



6776 Q Ding

Grassmannian is just a classical gauge transformation (32) between the MNLSE (1) and the
Schrodinger flow of maps into the Grassmannian Gy, (15).
What remains is to show the conclusion mentioned in remark 2. In fact, noting that the
continuous limit of unitary sequence {U,} is again a unitary matrix U, i.e. U, — U, and
*
combining this with (24), we see that p, — pAx for the p with <—Op % ) — U, U* being
a diagonal matrix. Here we would like to point out that U,U* € u(m) and is of the form

( S; ? ) for some S; € u(k) and S, € u(m — k). It is obvious that the continuous limit
- 2

GofG,is G = 13 g U, where the non-singular matrix A (resp. B) is the continuous

limit of A, (resp. B,). As shown in section 2, we see from (22) and (23) that G satisfies
_ 0 Ap*B™!

G, = (—BpA‘l 0 ) G and hence

A 0 (A O 0o p* N
(6 2)=( 2[5 §)-ve]
This implies that A (resp. B) satisfies A, = —AS; (resp. By = —BS»), where S| € u(k) (resp.
S> € u(m — k)) as mentioned above. It is easy to see the restriction that the continuous limits
of Ay and By (i.e. lima,—0 Ag, €tc) are unitary matrices is equivalent to saying that A|,—o

and B|,—¢ are unitary matrices. Therefore A and B have to be unitary under the restriction of
ordinary differential equations. This converse statement is clearly true.

4. Example

As an example to illustrate that, in the general case, r, # ¢, for a couple of the sequences
{(gn,rn)} given in remark 1, we take a trivial solution {S,} to the discrete equation of the

Schrodinger flow of maps into the Grassmannian G, 3 = C P2 of the form S, = ( (1) SO ),

where {s,} is a 1-soliton solution to the DHF (with the boundary condition s, — ( 10 )

0 -1
asn — 00) which is gauge equivalent to the 1-soliton solution v, = exp[—i(2 — 2chw)?] :;“T";

(w = Ax being the discretization parameter; see [9]) of the DNLSE*. That is, there is a
solution {F},} to

_( 1
Fn+l—(_wn 1>Fn

- - - (33)
: _ann—l _‘/fn + ‘/fn—l )
dF,/dt =i - F,
/ (—m Ut Yl
. s §2 —is3 ..
and {s,} is given by the formula s, = <s2 -:is3 ”_sl ”) = Fn’la3Fn. The explicit

expression of {s,} will be given below. For this solution {S,}, it is easy to verify that, Vn, the

following 3 x 3 matrix G, = ((1) IZ ) satisfies
Gp = L T G, dG,/dt =i “TnGn-1 —TptTp G,
—an 1 —4qn + gn-1 qnln—1
wherea = (w,0)F,, r, = (wlplﬂn> and g, = (0, ¥,). Obviously, {(g,, r»)} is a couple of the

sequences in remark 1 for k = 2 and m = 3 satistying r, # ¢\, Vn and r = g* after taking
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the continuous limit.
We end this section by giving the explicit expression of the 1-soliton solution {s,} to the

DHF mentioned above. In fact, a solution to (33) is F,, = ( _{g é;;” ) where

f = (¢} cos(chw — 1)t + ¢ sin(chw — 1)¢) exp[i(1 — chw)?]

gn = (b} cos(chw — 1)z + b2 sin(chw — 1)t) exp[i(1 — chw)t]
in which ¢, = Re I%Zq (1 +ishw/chjw)cy — Im ITZ§ (1 +i shw/ch j_w)é(l), by =ReIlZ;(1+
ishw/chjw)by + Im IT_§(1 + ishw/chjw)&), ¢ = —i(cyRy + byLy)/(chw — 1), b2 =
i(e'L, — b'R,)/(chw — 1), and R, = 1 — chw + sh*>w/(chnwch(n — DHw), L, =
—shw/chnw +shw/ch(n — 1)w. In order to guarantee that s,, satisfies the boundary condition,
equivalently, g, — 0o as n — 0o, we choose ¢} and b, such that bl = lim,_,~ b} = 0. For
example, c(l) = Re H‘J’.‘;O(l +ishw/chjw) and b} = —Im H;’F’:O(l + ishw/chjw). Then the
corresponding 1-soliton solution to the DHF is given by {,{ = (ful> = 1821/ Fu)* + 12217,
Sq = @nfu+&nfu)/(fal? +1gul*) and s} = (@u fu — g f) /I ful* + 18al?).

5. Conclusion and remarks

In this paper, we have revealed that the class of solutions given in remark 1 to the DCMNLSE (4)
(fork > 2orm—k > 2)is gauge equivalent to the discrete equation (11) of the Schrodinger flow
of maps into the Grassmannian Gy, and have demonstrated further that the continuous limit of
the realizing gauge transformation is exactly a classical limit between the MNLSE (1) and the
Schrodinger flow of maps into the Grassmannian Gy, (15). In other words, from the viewpoint
of gauge equivalence, the class of solutions to the DCMNLSE (4) is a correct discretization
of the MNLSE (1). However, we have not been able to find a non-trivial example to illustrate
that the discrete equation (11) of the Schrédinger flow of maps into the Grassmannian is not,
in general, gauge equivalent to the DMNLSE (2), though we believe that, unlike the fact
displayed in [19] for the NLSE, this is the case. Anyway, the obtained result suggests that
there might exist an interesting and intriguing geometric relationship between the CMNLSE
(resp. DCMNLSE) and the MNLSE (resp. DMNLSE). A better understanding of this will be
left for future study.
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